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1 Introduction and preliminary results 

This paper is motivated by phenomena which are described by nonhomogeneous Neumann problems of 
the type 

—div(a(x,\Vu(x)\)Vu(x))+a(x,\u(x)\)u(x) = Xg(x,u(x)), for x £ £1 

du _ W 

— (x) = 0, for x G d£l , 



I d 



v 



where is a bounded domain in M> N (N > 3) with smooth boundary dQ and v is the outward unit 
normal to dVl. In (pQ) there are also involved the functions a(x,t), g(x,t) : x R — > R which will be 
specified later and the constant A > 0. 

In the particular case when in ([1]) we have a(x,t) = i^') -2 , with p(x) a continuous function on 
0, we deal with problems involving variable growth conditions. The study of such problems has been 
stimulated by recent advances in elasticity (see [Ml EE] ) , fluid dynamics (see [32j [311 [T7j ) , calculus of 
variations and differential equations with p(x)-growth conditions (see [l] l20 l [21 ] l22l [23j 124 } [25 1 l34 l 35j ) . 
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Another recent application which uses operators as those described above can be found in the 
framework of image processing. In that context we refer to the study of Chen, Levine and Rao [3]. 
In [3J the authors study a functional with variable exponent, 1 < p(x) < 2, which provides a model 
for image restoration. The diffusion resulting from the proposed model is a combination of Gaussian 
smoothing and regularization based on Total Variation. More exactly, the following adaptive model 
was proposed 

min / ip(x,Vu) dx + X ■ \\u\\ 2 r 2(n\ , (2) 

I=u+v, u£BVnL2(n)J n ^ 

where C I 2 is an open domain, 



<p(x,r) 



l i r ip(aO f or | r | < p 



P-Pi*)-F* x) for | r | > q 

p{x) ' 101 \ r \ -> Pi 



where > is fixed and 1 < a < p(x) < 2. The function p(x) involved here depends on the location x 
in the model. For instance it can be used 

p(x) = 1 + i +fc |vk*/r 

where G a (x) = — exp(— |x| 2 /(4c7 2 )) is the Gaussian filter and k > and a > are fixed parameters 
(according to the notation in [2]). For problem ([2]) Chen, Levine and Rao establish the existence and 
uniqueness of the solution and the long-time behavior of the associated flow of the proposed model. 
The effectiveness of the model in image restoration is illustrated by some experimental results included 
in the paper. 

We point out that the model proposed by Chen, Levine and Rao in problem ([2j) is linked with the 
energy which can be associated with problem ([1]) by taking ^(s, Vm) = a(x, |Vtt|)Vtt. Furthermore, 
the operators which will be involved in problem ([1]) can be more general than those presented in 
the above quoted model. That fact is due to the replacement of \t\ p ^~ 2 t by more general functions 
(p(x,t) = a(x,\t\)t. Such functions will demand some new setting spaces for the associated energy, 
the generalized Orlicz-Sobolev spaces L*(0), where <3?(x,t) = f^ip(x,s) ds. Such spaces originated 
with Nakano [28] and were developed by Musielak and Orlicz [261 EZj (/ G L*(Q) if and only if 
f $>(x,\f(x)\) dx < do). Many properties of Sobolev spaces have been extended to Orlicz-Sobolev 
spaces, mainly by Dankert [7], Donaldson and Trudinger [10] . and O'Neill [29] (see also Adams [2] for 
an excellent account of those works). Orlicz-Sobolev spaces have been used in the last decades to model 
various phenomena. Chen, Levine and Rao [4] proposed a framework for image restoration based on a 
variable exponent Laplacian. A second application which uses variable exponent type Laplace operators 
is modelling electrorheological fluids [U |32] . According to Diening [9] , we are strongly convinced that 
these more general spaces will become increasingly important in modelling modern materials. 

In this paper we assume that the function a(x, t) : 0, x IR — > R in ([!]) is such that <p(x, t) : fixR->M, 



<p(x,t) 



a(x,\t\)t, for t^O 
0, for t = , 
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and satisfies 

(ip) for all xefi, ip(x, •) : 
and $(x,t) : x E -> R, 



is an odd, increasing homeomorphism from R onto R; 



$(x,i) = / cp(x,s)ds, Viefi, i>0, 
•/ o 



belongs to c/ass $ (see [26], p. 33), i.e. $ satisfies the following conditions 

(<]?i) for all x G £1, &(x,-) : [0,oo) — > R is a nondecreasing continuous function, with $(x,0) = and 
<l>(x,i) > whenever t > 0; lim^oo <3?(x,t) = 00; 

($2) f° r every t > 0, 3>(-,i) : O — > R is a measurable function. 

Remark 1. Since v?(x, •) satisfies condition (ip) we deduce that <5(x, •) is convex and increasing from 
R+ to R+. 

For the function introduced above we define the generalized Orlicz class, 

K$(Q,) = {u : Q —* R, measurable; / 3>(x, |n(x)|) <ix < 00} 
and the generalized Orlicz space, 

L®(n) = {u : n -> R, measurable; lim / $(x, Altt(z)l) cfo = 0} . 
The space L*(0) is a Banach space endowed with the Luxemburg norm 



= inf < u > 0; / x, 



or the equivalent norm (the Orlicz norm) 



| (< j,) = sup 



uv dx 



; u G / $(x>(x)|) dx < 1 |> , 

n 



where $ denotes the conjugate Young function of <3?, that is, 

¥(x, i) = sup{ts - $(x, s); s G R}, V x G H, t > . 

s>0 

Furthermore, for <I> and conjugate Young functions, the Holder type inequality holds true 



/ 



uv dx 



<C-|u|*>| ¥ , Vu G L*(«), v G L*(n) 



where C is a positive constant (see [26], Theorem 13.13). 

In this paper we assume that there exist two positive constants ipo and ip° such that 

K<Pa< t f} X,t } < ip° < 00, VxgH, t>0. 
r ~ $(x,i) ~ 



(3) 



(4) 



3 



The above relation implies that <3? satisfies the A2- condition (see Proposition [3D, i.e. 

<3?(x, 2t) < K ■ <3?(x, t), VxeH, t>0, (5) 

where K is a positive constant. Relation (|5j) and Theorem 8.13 in [26] imply that L*(fi) = K$(Q). 
Furthermore, we assume that $ satisfies the following condition 

for each the function [0, 00) 9f->$(i, \ft) is convex . (6) 

Relation (O assures that (ft) is an uniformly convex space and thus, a reflexive space (see Proposition 

ED- 

On the other hand, we point out that assuming that and $ belong to class and 

tf(x,t) < K 1 -$(x,K 2 -t) + h(x), Viefi,f>0, (7) 



where h 6 L 1 (ft), /i(x) > a.e. ieO and K\, K% are positive constants, then by Theorem 8.5 in 
we have that there exists the continuous embedding L*(ft) C L*(ft). 

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the modular 
of the L*(ft) space, which is the mapping p<j, : L*(ft) — ► R defined by 



p$(u) = / <3?(x, |-u(x)|) dx. 
./n 

If (u n ), it E L*(ft) then the following relations hold true 



u |$ > 1 


=^ 


\<° 


u|$ < 1 


=> 


1 IV 

M* 


u n - u $ - 


-> 




|^n|* 


> 00 


4» 



IV 



1$ ) 



(8) 
(9) 
(10) 

(11) 



Next, we define the generalized Orlicz-Sobolev space 



W 1 '*^) = |« € L*(n); G L*(ft), i = 1, N 
On W 1 '*^) we define the equivalent norms 

[Mil,* = I l^ n l I* + M* 
IMI2,* = max{| |Vii| |$,|ii|$} 

„ , A f L / W(x)\\ ^ ( \Vu(x) 

\\u\\ = inf<U>0; J $ f x, ■ L -^-J + $ f x J — 
(see Proposition S]). 

The generalized Orlicz-Sobolev space W 1 '*^) endowed with one of the above norms is a reflexive 
Banach space. 



dx < 1 
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Finally, we point out that assuming that and \& belong to class $, satisfying relation ([7]) and 
inf xe Q $(x, 1) > 0, inf-cgn *(x, 1) > then there exists the continuous embedding W 1 '®^) C W 1 '*(n). 

We refer to Orlicz [30], Nakano [28], Musielak [26], Musielak and Orlicz [27], Diening [9j for further 
properties of generalized Lebesgue-Sobolev spaces. 

Remark 2. a) Assuming §(x, t) = i.e. is independent of variable x, we say that L* and W 1 '* 
are Orlicz spaces, respectively Orlicz-Sobolev spaces (see [2| l5| IB"| 130]). 

b) Assuming $(x, t) = with p(x) G C(H), > 1 for all x G Tl we denote L* by L p W and W 1 '® 
by and we refer to them as variable exponents Lebesgue spaces, respectively variable exponents 

Soboiev spaces (see PHQ21D31II51II51IEIE21E31ESII23I2B]) 

c) Our framework enables us to work with spaces which are more general than those described in a) 
and b) (see the examples at the end of this paper). 

2 Auxiliary results regarding generalized Orlicz-Sobolev spaces 

In this section we point out certain useful results regarding the generalized Orlicz-Sobolev spaces. 

Proposition 1. Assume condition ^ is satisfied. Then the following relations hold true 

Ma° < p<s>{u) < \u\f, V«€L*(n)with|«|*>l, (12) 
M* < p*(u) < \u\l°, V u G L*(«) with |u|* < 1 . (13) 
Proof. First, we show that p$(u) < \u\^ for all u G L*(f2) with > 1. 

Indeed, since (p° > (tip(x, t))/<3?(x, t) for all x G and all t > it follows that letting a > 1 we have 
log($(x, a-t))- log($(x, t))= ds< [ at ^ds = logK°) . 



Thus, we deduce 



< -$(x,t), ViGfl, i>0, <7>1. (14) 



Let now u G L (O) with |u|$ > 1. Using the definition of the Luxemburg norm and relation (|14p we 
deduce 

3>(x,\u(x)\) dx = f $ (x,\uU ■ Mpi ) dx 

!» ill \ M* / 



< In 



n V Pi* 



9° 



Now, we show that p$(u) > |u|^° for all u G L (Q) with |it|$ > 1. 

Since 990 < {t<fi{x, t))/<&(x, t) for all x G SI and all i > 0, similar techniques as those used in the 
proof of relation (|14p imply 

$(x,<r-t) > ct 1 ^ • $(x,t), Vx GO, t > 0, a > 1. (15) 
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Let u G L*(f2) with |u|$ > 1. We consider (3 G (1, |u|$). Since f3 < |u|$ it follows that J n $^x, l^Mij dx > 
1 otherwise we will obtain a contradiction with the definition of the Luxemburg norm. The above con- 
siderations implies 

®(x,\u(x)\) dx = J $(x,/?-^^ dx>pP°- J fc^M^H dx>(3W. 



Letting (3 f |u|$ we deduce that relation (|T2l) holds true. 

Next, we show that p$(u) < |it|$° for all u G L with |u|$ < 1. It is easy to show (see the proof 
of relations (JHJ) and ([IS])) that 

< r vo • $(x,t/r), VxGfi, t>0, re (0, 1) . (16) 
Let ti G L*(f2) with |u|$ < 1. The definition of the Luxemburg norm and relation (|16p imply 

$(x,\u(x)\) dx = [ $ (x, \uU ■ dx 
Jn V M* / 



Finally, we show that p$(u) > |it|$ for all u G L*(J7) with < 1. 
As in the proof of we deduce 

$(x,t) > -$(x,i/r), V x G O, t > 0, r G (0, 1) . (17) 

Let u G L*(fi) with |it|$ < 1 and £ G (0, |u|$). By dTTJ) we find 

I $(x,\u(x)\) dx>t? ■ [ $(z,i^i) dx. (18) 
./n V ? / 

Define u(x) = u(x)/£, for all x G f2. We have = |it|$/£ > 1. Using relation (|12p we find 

/ $(x>(x)|) dx > \v\l° > 1. (19) 
Jn 

By (USD and jTjJJ we obtain 

/" $(x,|u(x)|) dx > Vf€(0,H*). 
Jn 

Letting £ /" |n|$ we deduce that relation (fT3|) holds true. The proof of Proposition [1] is complete. □ 
Proposition 2. Assume <3? satisfies conditions |2P and fcfjj). Then the space L*(J7) is uniformly convex. 
Proof. From the above hypotheses we deduce that we can apply Lemma 2.1 in [19] in order to deduce 

|t|) + *( z , !«!)]>$ fx, ^±£1") + $( x ,\Lz?i) , %; v x g $7, t, sgr. 
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The above inequality yields 
1 



Assume that < 1 and < 1 and |u — > e (with e G (0, 1/K)). Then we have 

p$(u — v) > \u — v\q° if|u — v\$ > 1 



p<z,(u — v) > \u — v\$ if |ti — u|$<l, 



and 



/£>$(«) < 1, < 1 

The above information and relation (JH) yield 

r i 



u — V \ 1 

By (|20p and the above inequality we have 

u + v 



•e^ , if |u — v|« > 1 

K 

— ■ e^' , if \u — v |$ < 1 
v K 



On the other hand, we have 



< < 



u + v 



( 1 

1- — -e^ , if u-u|*>l 

1 — — -e^ , if |u — i>|$ < 1 
iv 



> 1 





u + u 




if 
if 


U + V 


< 


2 

u + v 


$ 


2 

u + v 


1. 


2 


3 


2 



< 1. 



Relations (f2"Tj) and 



show that there exists 5 > such that 



< 1 -5. 



(20) 



(21) 



(22) 



Thus, we proved that L (f2) is an uniformly convex space. The proof of Proposition [5] is complete. □ 

Remark 3. Condition © (via relation (|20p ) also implies the fact that for every x S fixed, the 
function ■) is convex from M + to M + . 

Proposition 3. Condition implies condition (0). 

Proof. Since relation ([5]) holds true by Proposition [1] it follows that condition (|14p works. We deduce 
that 

$(s,2-t) <2 V ° Viefl, t>0. 

Thus, relation © holds true with X = 2 1/: ' . The proof of Proposition [3] is complete. □ 



Proposition 4. On W 1 '*^) the following norms 



\u\\ = inf < /i > 



= I |Vit| |$ + , 
|w||2 $ = max{| \Vu\ |$, \u\$} 



/i 



dx < 1 



are equivalent. 

Proof. First, we point out that || 1^$ and || ||2,$ are equivalent, since 

> IMk*, v«e^'*(fi) 



Next, we remark that 



d> fx, M^l'l dx < 1 and / * fx, , |Vn( ^ | ,/,• ^ I 
n V / Jn V I l Vn l I* 



and 



|V " (I)I 



it 



dx<l. 



Using the above relations we obtain 

\u(x)\ 



dx < 1 and / $ I x, ^ Vn ^' 1 <lx < i . 
uil J .In V Nil 



Taking into account the way in which | |$ is defined we find 

2|M| > (|n|$ + | |Vu| |$) = ||«||i,*, VnG W 1 '*^) . 
On the other hand, by relation (fT5l) we deduce that 

$(x,2 • t) > 2 • $(x,t), VxGfi, t>0. 

Thus, we deduce that 



. \ T / |u(x)| 

2 - $ ( x, - 1 ,, f ) < $ x, 1 



2 • kt 



2,$ 



and 



It follows that 



2 • u 



2,$ 



|Vu(x)| 



2 u 



2,$ 



2 u 



2,$ 



dx < - 

1 i -in 



Vu g x g n 

Vu g w 1 **^), x g n. 



F 2,* 



\ u 2,3> 



(23) 



(24) 



dx ^ . (25) 



But, since 



|ii [| 2 $ > |u|$ and ||u||2,$ > I |Vu| |$, Vu£ W 1 '*^) 
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we obtain 



uWI >M and £ft>E^, Vuew^(n),xen. 



\ u \$> Il u ll2,$ I |V«| |$ ll^lb,* 

Taking into account that <& is increasing by (|25p and (|26p we deduce that 



(26) 



$ x 



\u(x)\ 



+ $ X 



|Vu(x)| 



dx < 



1 



|u|<j> 



+ <E> X 



I |Vu |$ 



for all u G W X '*(S1). 
We conclude that 

2 • > 2 • ||u|| 2 ,* > \\u\\, V u G W 1 '*^) . 

By relations (|23|) . ([21]) and (f2T|) we deduce that Proposition H] holds true. 

Proposition 5. The following relations hold true 

[ [*(a?, |u(x)|) + $(x, |Vw(x)|)] dx > ||u|| w , VuG W 1 '*^) with ||u|| > 1 ; 

/ [$(x, |u(x)|) + $(x, |Vu(x)|)] > ||u|K, VuG W 1 '*^) with ||u|| < 1 . 
Jn 

Proof. First, assume that ||u|| > 1. Let (3 G (l,||n||). By relation (|15p we have 



dx ^ < 1 . 



$(x, |u(x)|) + $(x, |Vn(x)|)] dx > • 



Since /3 < ||it|| we hnd 



$ x, 



|u(x) 



+ $ X, 



' /3 
|Vu(x)| 



> 1. 



Thus, we hnd 



J V /? 

[$(z, |n(x)|) + $(x, |Vu(x)|)] dx > /3 W 

Letting /3 /* ||u|| we deduce that (|28|) holds true. 

Next, assume [|u|| < 1. Let £ G (0, ||w||). By relation (fT7|l we obtain 

Defining v(x) = u(x)/£, for all x G f2, we have \\v\\ = \\u\\/£ > 1. Using relation (128p we find 



[$(x, |u(x)|) + $(x, |Vu(x)|)] dx > ^ 
n Jn 



$ x 



+ $ x 



|Vit(x) 



dx. 



[$(x, |v(x)|) + $(x, |Vu(s)|)] dx > Hull** > 1. 



Relations (l30l) and (13T1) show that 



[$(iu(x)D + $(|v«(x)i)]dx>,e p 



(27) 
□ 

(28) 
(29) 



(30) 



(31) 



Letting £ /* ||it|| in the above inequality we obtain that relation (|29p holds true. The proof of Proposition 
E]is complete. □ 



3 Main results 



In this paper we study problem (pQ) in the particular case when <3? satisfies 

M ■ \t\ p{x) < <f>(x,t), Vxen,t>0, (32) 
where p{x) G C{Q) with p(x) > 1 for all x G and M > is a constant. 

Remark 4. By relation (I32p we deduce that W 1 '®^) is continuously embedded in W 1 '^' (£1) (see 
relation © with *(x,i) = l*^*)). On the other hand, it is known (see [H 13 [22] ) that W 1 ^^) is 
compactly embedded in L r ^ x \Vl) for any r(x) G C(Q) with 1 < < r + < . Thus, we deduce 

that W 1 '®^) is compactly embedded in Z/W(0) for any r(x) G C(O) with 1 < r(x) < ^ for all 

On the other hand, we assume that the function g from problem (fTJ) satisfies the hypotheses 

\g(x,t)\ < C ■ |t|«(*) _1 , VxGft, tGM (33) 

and ^ 

Ci • |t| 9(x ' } < G(x,t) := f g(x,s) ds < C 2 ■ \t\ q{x) , VxGfi,tGM, (34) 

Jo 

where Co, C\ and C 2 are positive constants and q(x) G C(S1) satisfies 1 < q(x) < - for all x G SI. 

Examples. We point out certain examples of functions g and G which satisfy hypotheses (f33|) and 
433). 

1) 5 ( x ,t) = q ( x ) . \t\l(.*)-H and G(x,t) = \t\^ x \ where g(x) G C(H) satisfies 2 < q(x) < for 
all x G $7; 

2) g(x, t) = g(a?) • |i|<^)- 2 i + (q(x) - 2) • [log(l + t 2 )] • (tl^)" 4 * + an d G(x, t) = \t\^ + 
log(l + t 2 ) ■ \t\lW~ 2 , where q(x) G C(U) satisfies 4 < q(x) < for all x G O; 

3) 5 ( x ,t) = g ( x ) . |f|«G")-2t + _ X ) . S i n ( s in(t)) . |t|9(s)-3 t + C os(sin(t)) • cos(t) • {t^' 1 and 
G(x,t) = \t\ q ^ + sin(sin(t)) • \t\^~\ where g(x) G C(H) satisfies 3 < q(x) < j^f = for all x G H. 

We say that w G W 1 '*^) is a u>ea& solution of problem (pQ) if 

/ a(x,\Vu\)'VuVv dx + / a(x, |ti|)tif dx — A / g(x, u)v dx = 0, 
Jn Jn Jn 

for all v G W 1 '*^). 

The main results of this paper are given by the following theorems. 

Theorem 1. Assume <p and $ verify conditions (<p), (^2), (W an d (2W an & ^ e functions 

g and G satisfy conditions \33\) and {3$ - Furthermore, we assume that q~ < <po- Then there exists 
A* > such that for any A G (0, A*) problem |2P has a nontrivial weak solution. 

Theorem 2. Assume ip and verify conditions (cp), (^2), an d I3ty) and the functions 

g and G satisfy conditions 133\) and fj^p . Furthermore, we assume that q + < <pq. Then there exists 
A* > and A* > such that for any A G (0, A*) U (A*, 00) problem |7]) has a nontrivial weak solution. 
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4 Proof of the main results 

Let E denote the generalized Orlicz-Sobolev space W l '®{VL). 

For each A > we define the energy functional J\ : E — > R by 

J x (u) = / [$(x, |Vu|) + \u\)] dx - A / G(x,u) dx, VuGfi. 
Jn Jn 

We first establish some basic properties of J\. 

Proposition 6. For each A > the functional J\ is well-defined on E and J\ £ C 1 (-E,M) with the 
derivative given by 



(J x (u),v) = / a(x, | Vu\)Vu ■ Vv dx + / a(x, \u\)uv dx — A / g(x,u)vdx, 
Jn Jn Jn 

for all u, v £ E. 

To prove Proposition [6] we define the functional A : E — > R by 

A(n) = [$(x,\Vu\) + $(x,\u\)] dx, VueE. 
Jn 

Lemma 1. The functional A is well defined on E and A £ C 1 (E,M.) with 

(A(u),v) = / a(x,\Vu\)Vu ■ X7v dx + / a(a?, |u|)u?; ffe , 
Jn Jn 

for all u, v £ E. 

Proof. Clearly, A is well defined on E. 

Existence of the Gateaux derivative. Let u, v £ E. Fix and < |r| < 1. Then, by the 

mean value theorem, there exists v, 9 £ [0, 1] such that 

\$(x, \Vu(x) + rVv(x)\) - $(x, |Vii(x)|)|/|r| = \<p(x,\(l - u)\Vu(x) + r\7v(x)\ + i/| Vu(x)|)|- 

||Vu(x) + r\7v(x)\ — \Vu(x)\\ 

(35) 

and 

\$(x, \u(x) + rw(x)|) - $(x, |u(x)|)|/|r| = |(1 - 0)\u(x) + ru(x)| + 6\u(x)\)\- 

(36) 

| |-u(x) + rv(x)\ — \u(x)\ \ . 

Next, we claim that ip(x, \u(x)\) £ L*(f2) provided that u £ L*(f2), where $ is the conjugate Young 
function of <3?. 

Indeed, we know that 

¥(x, t) = sup{ts - $(x, s); s £ R}, V x £ i > 

s>0 
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or 

rt 



<&{x,t) = I (p(x,s)ds, VxGQ, t>0, 
Jo 



where <p(x, t) = sup s, for all x G ft and t > 0. 

On the other hand, by relation (ip) we know that for all x € ft, y?(x, •) : R — » R is an odd, increasing 
homeomorphism from R onto R and thus, an increasing homeomorphism from R + onto R + . It follows 
that for each x G ft we can denote by ip~ 1 (x,t) the inverse function of cp(x,t) relative to variable t. 
Thus, we deduce that tp{x,s) < t if and only if s < (x,i). Taking into account the above pieces of 
information we deduce that Tp[x,t) = ip~ l (x,t). Consequently we find 



t)= I ip 1 (x, s) ds, V x G ft, t > . 
Jo 



Next, since 

_ r<p~ 1 (x,s) _ 

^(x,ip~ 1 (x,s)) = / ip(x,9)d6, VieO, s>0, 

JO 

taking tp(x,0) = r we find 

<£(x, (/J _1 (x, s)) = / r • (yj _1 (x, r)) r dr = s ■ p>~ l {x, s) — $(x, s), ViGfi, s>0. 
Jo 

The above relation implies 

¥(x, s) < s ■ ip~ l (x, s), V x G O, s > . 

Taking into the above inequality s = <p(x, t) we find 

$(x,</?(x,i)) < t ■ <p(x,t), V x G O, t > . 

The last inequality and relation yield 

$(x,^(x,i)) < <p° ■ $(x,t), V x eft, t>0. 

Thus, we deduce that for any u G L*(0) we have <p(x, \u(x)\) G L*(f2) and the claim is verified. By 
applying relations (|35|) . (|36|) . the above claim and ([3]) we infer that 

|<£(x, |Vti(x) + rVn(x)|) + $(x, |u(x) + to(x)|) - $(x, |Vu(x)|) - $(x, |tt(x)|)| |/|r| < 
|(^(x, |(1 - t/)|Vit(x) + rVv(x)| + i/|Vit(x)|)| • ||Vu(x) + rVv(x)| - |Vu(x)|| + 
\<p(x, |(1 - 6>)|u(x) + ru(x)| + 6>|Vit(x)|)| • \\u(x) +rv(x)\ - \u(x)\\ G L 1 (S7) , 

for all it, u G x G ft and |r| G (0, 1). It follows from the Lebesgue theorem that 

(A(u),v)= / a(x, | Vtt|)Vu • Vv dx + / o(x, dx . 
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Continuity of the Gateaux derivative. Assume u n — > u in E. The above claim and the Lebesgue 
theorem imply 

a(x, | Vu n \)Vu n — > a(x, | Vu|)Vu, in (L®(£l)) N 

and 

a(x, \u n \)u n — >• a(x, \u\)u, in L*(f2) . 

Those facts and (|3|) imply 

| (A (u„) — A (u),v}\ < \a(x, \Vu n \)Vu n — a(x, |Vu|)Vu|^- • | \Vv\ |$ + \a(x, \u n \)u n — a(x, \u\)u\-^ • , 
for all v 6 E, and so 

1 1 A (u n ) — A (u)\\ < \a(x, \Vu n \)Vu n — a(x, \\7u\)Vu\-^ + \a(x, \u n \)u n — a(x, \u\)u\-^ — ► 0, as n — > oo . 
The proof of Lemma [1] is complete. □ 

Combining Lemma [1] and Remark 4 we infer that Proposition [6] holds true. 
Lemma 2. The functional A is weakly lower semi- continuous. 

Proof. By Corollary III. 8 in [3], it is enough to show that A is lower semi-continuous. For this 
purpose, we fix u £ E and e > 0. Since A is convex (because $ is convex) we deduce that for any v G E 
the following inequality holds true 

A(v) > A(u) + (A'(u), v - u) , 

or 



A(f) > A(n) — / [a(x, \Vu\)\Vu\ • \Vv — Vu\ + a(x, \u\)\u\ ■ \v — u\] dx 
Jn 

= A(u) — / [<p(x, |Vu|)|Vu — Vu| + <p(x, \u\)\v — u\] dx . 



m 

But, by the claim proved in Proposition [6] we know that for any u € L*(Q) we have ip(x, \u\), 
ip(x, |Vu|) € L*(f2). Thus, by relation ([3]) we find 

AO) > A(u)-C-[\ip(x,\Vu\)\$- \ |Vv-V«| |$ + |^(x,|u|)| ¥ >-u|$] 

> A(u) - d ■ \\u - v\ 

> A(u)-e, 

for all v G E with [|u — u[| < 8 = e/C , where C and C' are positive constants. The proof of Lemma [2] 
is complete. □ 

Proposition 7. The functional J\ is weakly lower semi- continuous. 
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Proof. Using Lemma [2] we have that A is weakly lower semi-continuous. We show that J\ is weakly 
lower semi-continuous. Let {u n } C E be a sequence which converges weakly to u in E. By Lemma [2] 
we deduce 

A(u) < liminf A(u n ) . 

n—*oo 

On the other hand, Remark 4 and conditions (I33P and ([34]) imply 



lim / G(x,u n ) dx = / G(x,u)dx. 
Jn Jn 



Thus, we find 

J\(u) < liminf J\(u n ) . 

n^oo 

Therefore, J\ is weakly lower semi-continuous and Proposition [7] is verified. □ 
Proposition 8. Assume that the sequence {u n } converges weakly to u in E and 

limsup(A (u n ),u n — u) < 0. 

Then {u n } converges strongly to u in E. 

Proof. Since {u n } converges weakly to u in E it follows that {||«n||} is a bounded sequence of real 
numbers. That fact and Proposition [4] imply that {l^l^,} and {| |Vu n | |$} are bounded sequences of 
real numbers. That information and relations ([8]) and ([9]) yield that the sequence {A(u n )} is bounded. 
Then, up to a subsequence, we deduce that A(u n ) — > c. 

By Lemma [2] we obtain 

A(u) < liminf A(u n ) = c . 
On the other hand, since A is convex, we have 

A(u) > A(u n ) + ( A' (u n ) , u - Un) . 

Using the above hypothesis we conclude that A(u) = c. Taking into account that {{u n + u)/2} converges 
weakly to u in E and using Lemma [2] we find 

c = A(u) < A . (37) 

We assume by contradiction that {u n } does not converge to u in E or {(u n — u)/2} does not converge 
to in E. It follows that there exist e > and a subsequence {u Hm } of {u n } such that 



tin™ - U 



> e, Vm . (38) 



2 

Furthermore, relations (f28j) . ([29]) and ([38]) imply that there exists t\ > such that 

a(^^) >ei, Vm. (39) 
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On the other hand, relations (|2Up and (|39|) yield 

±A(u) + ^AK J - A (^^) > A ) > ei , Vm. 

Letting m — > oo in the above inequality we obtain 

. r A f U nm +U 

c — €\ > lim sup A I 

m— >oo \ ^ 

and that is a contradiction with (|37|) , We conclude that converges strongly to u in E and 

Proposition [8] is proved. □ 

Lemma 3. Assume the hypotheses of Theorem[l\ are fulfilled. Then there exists A* > such that for 
any A G (0, A*) there exist p, a > swc/i that J\(u) > a > /or any u £ E with \\u\\ = p. 

Proof. By Remark 4 and conditions (j33[) and (|34l) it follows that i£ is continuously embedded in 
L q ( x \{l). So, there exists a positive constant c\ such that 

< Cl • ||n||, VuG-E. (40) 

where by | • we denoted the norm on 

We fix p G (0, 1) such that p < 1/ci. Then relation (I40j) implies 

Mgfa:) < 1; V U £ E, with = p . 

Furthermore, relation ([9j) applied to <l>(3;,i) = |t| ? w yields 

J \u\ q( - x) dx <\u\ q q ~ x) , Vm G £, with ||u|| = p. (41) 
Relations (gO]) and (HU) imply 

/ |u| 9(x) dx < oflM! 9 ", Vu€E, with ||u|| = p. (42) 



Taking into account relations (J29J), (|42p and (|34|) we deduce that for any u £ E with ||u|| = p the 
following inequalities hold true 

Mu) > - A • C 2 ■ cf • " = p 9 ~ (P*" -9 " - A • C 2 • cf ) . 

By the above inequality we remark that if we define 

y- q - 

K = — , (43) 

2 • C 2 ■ c\ 

then for any A G (0, A*) and any u G E with ||u|| = p there exists a = > such that 

J\{u) > a > . 

The proof of Lemma is complete. □ 
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Lemma 4. Assume the hypotheses of Theorem[J\ are fulfilled. Then there exists 9 E E such that 6 > 0, 
0^0 and J\(t9) < 0, for t > small enough. 

Proof. By the hypotheses of Theorem[T]we have q~ < <Pq. Let eo > be such that q~ +e < ^o- O n 
the other hand, since q G C(£l) it follows that there exists an open set Oo CC such that \q(x) — q~~ \ < €q 
for all x G Slo- Thus, we conclude that q(x) < q~ + eo < (fo for all x G Qq. 

Let G C^(Q) C E be such that supp((9) D O , 6>(x) = 1 for all z G H and < 6 < 1 in Q. 

Taking into account all the above pieces of information and relations (|16p and (|34p we have 

J A (i-0) = /"[*(M|V0(s)|) + *(a:,t|0(aj)|)] c£c- A / G{x,t-6{x)) dx 
Jn Jn 

< [ [$(x,\Ve(x)\) + <f>{x,\6(x)\)]dx-\-Ci- ( t q W\6\ Q W dx 
Jn Jn 

< t V0 ■ A(0) - \ ■ d ■ [ t q W\6\ q(x) dx 

Jn 

< t*° ■ A(9) - A • d ■ t q ~ +t ° ■ ( \9\ q{x) dx, 

Jn 

for any t G (0, 1), where by |f2o| we denoted the Lebesgue measure of f^o- Therefore 

Jx(t • 0) < o 

for t < tfV(w)-9--eo) with 

< 5 < min 



A{9) 



Finally, we point out that A(9) > 0. Indeed, it is clear that 

0< / \9\ q ^dx< [ \6\ q W dx [ \6\ q ~ dx < cf \\u\\ q ~ . 
Jn Jn Jn 

Thus, we infer that \\9\\ > 0. That fact and relations (|28p and (|29p imply that A(9) > 0. The proof of 
Lemma H] is complete. □ 

PROOF of Theorem [TJ Let A* > be defined as in ([131) and A G (0, A*). By Lemma [3] it follows 
that on the boundary of the ball centered in the origin and of radius p in E, denoted by B p (0), we have 

inf J A > 0. 

asp(o) 

On the other hand, by Lemma [H there exists 9 G E such that J\(t ■ 9) < for all t > small enough. 
Moreover, relations (|29p . (|42p and (|34|) imply that for any u G B p (0) we have 

J\{u) > -A-C 2 -cf . 

It follows that 

— oo < c := inf J\ < . 

s P (0) 
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We let now < e < infa B / ) J\ — infg (o) Ja- Applying Ekeland's variational principle [T3] to the 
functional J\ : B p (0) — > R, we find u e G B p (0) such that 

JA(n e ) < inf Ja + e 

Bp(0) 



Since 



JA(n e ) < Ja(w) + e • ||it — u e ||, u^u € . 



J\(ue) < inf Ja + e < inf Ja + e < inf Ja 

B^O) B p (0) 0B P (O) 



we deduce that u e G B p (0). Now, we define Ja : B p (0) — > R by Ia(' u ) = JaC") + e • ||u — u e ||. It is clear 
that u e is a minimum point of Ja and thus 

I\(u e + t-v) - I\(u e ) 



t 

for small t > and any t> G J?i(0). The above relation yields 

J x (u t + t-v) - J\(u e ) 



> 



t 



+ e- v > 0. 



Letting £ — > it follows that (J x (u e ),v) + e • ||u|| > and we infer that || J A (n e )|| < e. 
We deduce that there exists a sequence {w n } C B p (0) such that 

JA(^n)^c and J' x (w n ) -> 0. (44) 

It is clear that {u) n } is bounded in J?. Thus, there exists w £ E such that, up to a subsequence, {w n } 
converges weakly to w in E. Since, by Remark 4, E is compactly embedded in L q ^ x \VL) it follows that 
{u> n } converges strongly to w in L q ( x '(£l). The above information combined with relation (|33p and 
Holder's inequality implies 

g(x,w n ) ■ (w n - w) dx 

n 



< Co - / I^I^^K-u;! dx 

(45) 

< C • | IWnl 9 ^-" 1 I 9(g) • |Wn ~ W|g(a;) ~» 0, as n -> OO . 



9W-1 

On the other hand, by (|44p we have 

lim (J x (w n ),w n -w) = 0. (46) 

n— >oo 

Relations ([35]) and ([36"]) imply 



lim (A (u; n ), w n - w) = . 

n— >oo 

Thus, by Proposition [8] we find that {w n } converges strongly to w in E. So, by 

J\(w) = c < and J\{w) = . 

We conclude that w is a nontrivial weak solution for problem (pQ) for any A G (0, A*). The proof of 
Theorem [1] is complete. □ 
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Lemma 5. Assume the hypotheses of Theorem^ are fulfilled. Then for any A > the functional J\ is 
coercive. 

Proof. For each u E E with ||u|| > 1 and A > relations (|28p . (|33|) and Remark 4 imply 
J\(u) > \\u\\w - A • C 2 ■ [ \u\ q ^ dx 

u\ q dx + \u\ q dx 
u Jn 



n 



> ||up-A-C 2 - 

> - A • C 3 • [Hull 9 " -!- Hull* 1 "] , 



where C3 is a positive constant. Since q + < ifo the above inequality implies that J\{u) — > 00 as 
||u|| — > 00, that is, J\ is coercive. The proof of Lemma [5] is complete. □ 

PROOF of Theorem [2j Since q + < <p it follows that q~ < tp and thus, by Theorem Q] there exists 
A* > such that for any A E (0, A*) problem ([1]) has a nontrivial weak solution. 

Next, by Lemma [5] and Proposition [7] we infer that J\ is coercive and weakly lower semi-continuous 
in E, for all A > 0. Then Theorem 1.2 in [33J implies that there exists u\ E E a global minimizer of I\ 
and thus a weak solution of problem (pQ). 

We show that u\ is not trivial for A large enough. Indeed, letting to > 1 be a fixed real and 
uq(x) = to, for all x E O we have Uq E E and 



JaOo) = A(u ) - X G(x,u )dx 
Jn 

< ( <f>{x,t )dx-X-C 1 - ( \t \ q( - x) dx 
Jn Jn 



< L-X-Ci-tl -|^i|, 

where L is a positive constant. Thus, there exists A* > such that J\(uq) < for any A E [A*, 00). It 
follows that J\(u\) < for any A > A* and thus u\ is a nontrivial weak solution of problem ([1]) for A 
large enough. The proof of Theorem [2] is complete. □ 

5 Examples 

In this section we point out certain examples of functions (f(x,t) and $(x,t) for which the results of 
this paper can be applied. 

I) We can take 

<p(x,t) = p{x)\t\ p ^- 2 t and $(x,t) = \t\ p(x \ 

with p(x) E C(f2) satisfying 2 < p(x) < N, for all x E fi. It is easy to verify that cp and $ satisfy 
conditions (93), ($1), (^2), ®, © and ([32]) since in this case we can take ipo = p~ and ip° = p + . 

II) We can take 

w(sc, i) = p(x)- — - : — pr- and $(x,t) = - — - 7—- + / — — — ds , 

^ 7 FV ; log(l + |t|) V ' ; log(l + |t|) 7o (l + s)(log(l + s)) 2 
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with p(x) G C(Q) satisfying 3 < p(x) < N, for all x G 17. 

It is easy to see that relations (</?), (<&i) and ($2) are verified. 
For each x G 17 fixed by Example 3 on p. 243 in [6] we have 

t ■ ipix, t) , . 
P(g)-1< ^ ] <v(x\ \/t>0. 

Thus, relation (jj]) holds true with ip = p~ — 1 and = p + . 
Next, $ satisfies condition (1321) since 



$(x,i) > t'P^-\ V x G 0, t > 0. 

Finally, we point out that trivial computations imply that d ^-jjr^^ > for all x G 17 and i > 0. 
Thus, relation © is satisfied. 

Ill) We can take 

<p(x, t) = p{x) ■ log(l + a + \t\) ■ \t\ p M~H , 

and 

, . r\A q p(x) 

$(x,t) =log(l + a + |t|)-|t| p(a;) - / -— dx, 

J Q 1 + a + s 

where a > is a constant and p(x) G (7(17) satisfying 2 < p(x) < 7V, for all x G 17. 
It is easy to see that relations (if), ($1) and ($2) are verified. 
Next, it is easy to remark that for each x£!l fixed we have 

t ■ ip(x, t) 

P (x)< 7 ; ; , vt>o. 

<P(x, i) 

The above information shows that taking ipQ = p~ we have 

t ■ cp(x, t) — 
Kp- < J\ K / , VxGl7, t>0. 
~~ *(a?,t) 

On the other hand, some simple computations imply 

lim — ^- \ - = p(x), V x G 17 
t-»oo $(x,i) v " 

and ^ 

lim — — V- = p(x), V x G 17 . 
t-»o $(x,i) v 

Thus, defining H(x, t) = ^^'i) we remar k that H (x, t) is continuous on 17 x [0, 00) and 1 < p~ < 
linif^o H (x, t) < p + < 00 and 1 < p~ < lim^oo H(x, t) < p + < 00. It follows that 

o t-ip(x,t) 
ip u = sup y v < 00 . 

t>o, xen 

We conclude that relation Q is satisfied. 
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On the other hand, since 



<p(x,t) > p~ ■ log(l + a) ■ t^ x) ~ 



ViEfi, t > 0, 



it follows that 




> for all x G and t > 



and thus, relation ([6]) is satisfied. 
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